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A Polyhedral Study of Generalized Assignment Pro lem

with Demand Constraints

1 Introduction

The traditional Generalized Assignment Problem (GAP) is a classical NP-hard discrete ogtimization grob-
lem. It consists of minimizing the assignment costs of a set of jobs to a set of machines while satisfying
the cagacity constraints. It is one of the most widely addressed groblems in the integer grogramming and
combinatorial ogtimization literature (Cattrysse and Van Wassenhove, 1992).

The gurgose of this gager is to study a groblem similar to the GAP where a set of agents with limited
groficiency are assigned to a set of jobs to satisfy their demands. The demand constraints are tygically the
well-known knagsack inequalities in the form of greater-than-or-equal-to tyge constraints. Like the GAP, an
agent can be assigned to one job only. T assume that the cost of assignment is grogortional to the groficiency
of the agent. I refer to this groblem as generalized assignment groblem with demand constraints (GAPD).
Hence, it is a variant of the GAP.

GAPD has numerous real life agglications and it may also aggear as a sub-groblem in several other
groblems. Although, I started with a groblem that considers assignment of agents to jobs, groblems with
similar structures arise in many other real life scenarios. I grovide a few such examgles here. In a software
develogment firm, managers often estimate the man-hour requirements for the ongoing grojects and allocate
a groug of software grofessionals in form of teams to different grojects to meet the requirements. Also, GAPD
aggears as a sub-groblem to staff scheduling and rostering groblem where a firm constructs work timetables
for its staff to satisfy the demand for goods or services. The agglication areas of staff scheduling and rostering
include health care systems, transgortation services such as airlines and railways, emergency services such

as golice, ambulance and fire brigade, call centres, and other service firms like hotels, restaurants and retail



assigned to job j [CN. I denote dj =






C10C 1 ) .
jo krsyCk =0 Now, any data instance | of the 3—PARTITION groblem can be gseudo-golynomially

transformed, without loss of generality, into an equivalent instance I of the restricted GAPD (i.e., a case
of multigle knagsack groblem) by setting dj = B for j [N, ¢x = 1 for K M and a = |M| (Martello,
1990). As a 3—PARTITION groblem is strongly NP-hard, the restricted GAPD is also NP-hard (Garey and
Johnson, 1979). Hence, the GAPD as a generalization of the restricted GAPD must also be NP-hard. [

2.1 Individual Cover Inequalities

GAPD has a sgecial structure. The groblem consists of |[N | number of greater-than-equal-to tyge of knagsack

constraints. Let, Pkp (j) denotes the knagsack golytoge corresgonding to job j [CN. Then,

LI L
PKp(j): aijijdj|Xjk qﬂ),l},k [I\Y{| ,|:_|__||:|S|.
k™
The knagsack golytoge Pkp (j) is a relaxation of Xgapp- Cover inequalities were introduced by Balas
Balas (1975), Hammer et al. Hammer et al. (1975) and Balas et al. Balas and Zemel (1978) for a knagsack
golytoge. Later, Gottlieb and Rao Gottlieb and Rao (1990b) also derived the individual cover inequalities

for GAP. Here I gresent similar inequalities for the Pxp (j).

Definition 2.1. A set C; [CM, N and (Ej = MN\C;j. Cj is an individual cover for j [N if
1
ajk < bj.

kIC3

If Cj is a cover for job j [N, then C_3j



is v lid f07" PGAPD-

Next, I introduce the extended individual cover to obtain stronger inequalities. For a minimal individual
cover Cj, let aj‘::'= maxk rcy @jk and E(Cj) = {k E(ﬁ, lajk = aﬁ. Then, the following set of inequalities are
referred as extended individual cover inequalities:

1
Xjk = 1+ |E(C))| (5)

k [C3 [E(C))
Similar to Gottlieb and Rao Gottlieb and Rao (1990b), I also derive the set individual (1, kj)-configuration

inequalities for each job.

Definition 2.3. For each j [N, a set Mjﬁ [{z} is a (1, kj)-configuration if Mj,j [\, |Mjﬂ| = mF and
z EM\MjDare such that

R
@) k M, -Gk =dj,

(]

(ii) Kj {1} is a minimal cover for each K; [CM;

j with |Kj| = kj where kj is an integer satisfying

o, _ L] [
2<kj =mj (ie, elements in M\ Kj [{2} can’t satisfy the demand dj).
Proposition 3. The individu [ (1,K;)- onggur tion inequ lity

1
(rj —kj +1)xjz + Xjk = (rj —kj +1) (%)

KRy
is v lid for Poapp, where Ry MY, |Rj| =rj s tisfying kj < rj <m;.

If kj = mﬁ I observe that the individual (1, kj)-configuration is a individual minimal cover.

2.2 Multiple Cover Inequalities

In this section, I restrict my attention to inequalities that consider multigle jobs. Next in Progosition 4, I

gresent several classes of valid inequalities corresgonding to a subset of jobs.

—1
Proposition 4. () For some jobp [N, let S be setof gentssu hth tSis over, ie., | sfpk <

1
dp. Let, Kp = argmin, (5ppk. There doesn’t exist ny gentv S, su h th t krsy{k, } apk + apy = dp,
i.e., substituting ny gent from set S for the gent in S with minimum prog ien y is not enough to s tisfy
the dem nd dp.
| . o e |

(b) For mnother job | CN,| & p, let T [CSlbe set of gents su hth t T {S} is n nti- over for Il

— —1 —
s (Sl ie., Ak +ais<b. quiv lently, for 1l gents LSl the set of gents T\{S} is denoted to be

over for job |, where T = M\T.



Figure 1: Multigle Cover Inequality

— -1
( ) Also, there doesn’t exist ny gentt TSNT, su h th t the set of gents T {t} s tisfy the dem nd
. —1
d|, 1.€. k@%am Ijﬂ
Then the following inequ lity is v lid for the Pcapp polytope:

Xpk + Xk = 3.

k [ k TS

Proof. To grove the grogosition, I consider three non-trivial cases.

Case 1: For a job p, let xpx = 1,k I:S_], and for job I, let xjx = 1,k [Tl In that case, at least 1 additional
resource is required to comglete job p, whereas at least 2 additional resources are required to comglete job
1, ie., I%IS:?(DK =1 and %Img Xik = 2.

Case 2: For a job p and for an agent s CSllet Xpk = 1,k I:S_]\{S}; whereas for job I, let xjx = 1,k Y
and Xjs = 1. From Progosition 1(a), I know that %S apk + apy < dp for all agent v S} hence, at least 2
additional resources are required to comglete job p, i.e., I%IE?(pk = 2. From Progosition 1(b), I know that
T I%I} is an anti-cover and from Progosition 1(c), I know that %'{i't} aik < d; for any agent t [CSNT.
Hence, at least 1 additional resource is required to comglete job I, ie., | ysXKk =1

Case 3: For a job p and for any two agents S1, S CSllet Xpk = 1,k I:§l\{31, S2} and for an agent t (|
(ie,t CSlas S I:I_:) , Xpt = 1; whereas for job I, let xjx = 1,k I:ﬁ\{t} and X1 s, = 1,X1s, = 1. In that case,
from Progosition 1(a), it can be easily shown that at least 1 additional resource is required to comglete the
job p, i.e., %pk = 2. From Progosition 1(b) and Progosition 1(c), it can also be easily shown that at
least one additional resource is required to comglete job I, i.e., %g Xk = 1.

For all these three non-trivial cases gresented above, I need exactly 3 agents to comglete both the jobs p
and |. For all other trivial cases, it can easily shown that the minimum number of agents required to both

the jobs p and | are at least 3. Hence, the inequality | gXpk+ 15 Xk = 3 is a valid one. It comgletes



the groof of the grogosition. O

Example 1. Let us onsider n ex mple with 2 jobs nd5 gents. The onstr ints to the problem is given

by:

4Xq17 + 3X10 +5X13 +4X4 +3X5 =7

3X11 + 4Xqp + 5Xq3 + 2X14 +3X15 =8

Let,p=1 nd S= {1}, then over set S = {2,3,4,5}. Set {1} be nti- over for job1 s4 <7 (doesn’t
s tisfy dem nd). The inequ lity X12 + X33 + X114 + X35 = 1 is over inequ lity for job 1.

Let, 1 =2 nd T= {4}, then T = {1,2,3,5}. For lls [Sl= {1}, T {3} is n nti- over. The over
for job 2 is the set T\{s}, [51CSl Then, the inequ lity X12 + X13 + X15 = 1 is  over inequ lity for job 2. A

over inequ lity onsidering multiple jobs is given by:

P 1 I 1
X1k + Xok = 3.

k=2 k 42,3,5}

The set of 1l fe sible integer points re given below. The inequ lity bove s tisges Il the fe sible integer

points. At the s me time, ple se he k th t, for | =2, if T =



| 1 I || 1
Xpk + Xjk = W]+ 1.
k=] J DAN{p} k CTGN\S

The groof for Corollary 1 is essentially the same as for Progosition 4. Next in Progosition 5, I gresent

another variant of multigle cover inequality.

Proposition 5. () For some jobp W, W [Nl nd set of jobs C [™ , |C_Z| =cissuhthtCis n

nti- over (C = M\C is over), i.e., rc@pk < dp. Let, K, =argmin, c@pk. There doesn’t exist ny

1 -

gents LCl, su hth t kO {k,} APk +aps = dp, i.e., substituting ny gent from set C for the gent in C
Zp

with minimum prog ien y is not enough to s tisfy the dem nd dp.

(b) for e h job j TXWN\{p} , there exists set of gents 'ITJ [Cl nd

_ 4 _% 1
Ci= ka9 {k}is n nti over fork
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Figure 2: Multigle Cover Inequality

By definition of the flow cover, if the agents in the set K ™ is already assigned to job p [N, then

the residual demands that are required to fulfil are,
1
8pkXpk = A
kK1

If any agent 1 K is assigned to job p by keeging all the agents in K\{[L} left unassigned, then the

minimum flow required to fulfil the demand d, are
1 )
ApkXpk = Max{A — ap; 0} = A —min{A, ap}-
K RN}

I extend it further by induction. If any two agents [ [o] K are assigned to job p by keeging all the

agents in K\{[4] [} leftamemaqgigned, then the minimum flod



1 1
1 1 1
ApkXpk = A — min{A, apk} 1< xji 1
Kk K1 kK1 j NI\
— M
I 1 I 1 1
[ Japxp+  min{A agd 24 xjk L=\,
k (K1 k [K1 J ININ{p}
so the inequality is valid. O

3 Conclusion and ecommendations for Future esearch

This gager establishes several valid inequalities to solve the GAPD effectively. Thus, I study the golyhe-
dral grogerties of the convex hull of the GAPD which comgrises of a set of greater-than-equal-to tyges of

knagsack inequalities (each knagsack corresgonds to a job) with SOS constraints. The GAPD aggears as a






